In this paper, a mathematical model describing tuberculosis transmission with incomplete treatment and continuous age structure for latently infected and infectious individuals is investigated. It is assumed in the model that the treated individuals may enter either the latent compartment due to the remainder of Mycobacterium tuberculosis or the infectious compartment due to the treatment failure. It is shown that the global transmission dynamics of the disease is fully determined by the basic reproduction number. The asymptotic smoothness of the semi-flow generated by the system is established. By analyzing the corresponding characteristic equations, the local stability of a disease-free steady state and an endemic steady state of the model is established. By using the persistence theory for infinite dimensional system, the uniform persistence of the system is established when the basic reproduction number is greater than unity. By means of suitable Lyapunov functionals and LaSalle's invariance principle, it is proven that if the basic reproduction number is less than unity, the disease-free steady state is globally asymptotically stable; if the basic reproduction number is greater than unity, the endemic steady state is globally asymptotically stable.
Introduction
Tuberculosis (TB) is a bacterial disease caused by Mycobacterium tuberculosis, and is usually acquired through airborne infection from active TB cases [] . According to the World Health Organization, one third of the world's population is infected, either latently or actively, with tuberculosis. Tuberculosis infection remains a leading cause of death from an infectious disease [] .
It is well known that, for tuberculosis, recovered individuals may relapse with reactivation of latent infection and revert back to the infective class. This recurrence of disease is an important feature of tuberculosis, including human and bovine [, ] , and herpes [, ] . For human tuberculosis, incomplete treatment can lead to relapse, but relapse can also occur in patients who took a full course of treatment and were declared cured [] . 
S(t) = -μS(t) -βS(t)I(t),

L(t) = βS(t)I(t) -(μ + ν)L(t) + ( -k)δT(t), I(t) = νL(t) + kδT(t) -(μ + γ + μ T )I(t),
T(t) = γ I(t) -(μ + δ)T(t).
(.)
In (.), S(t) represents the number of individuals who are not previously exposed to the Mycobacterium tuberculosis at time t, L(t) represents the number of latently infected individuals who have been infected with Mycobacterium tuberculosis at time t, but have no clinical illness and noninfectious, I(t) represents the number of active infectious tuberculosis cases at time t, T(t) is the number of individuals who are being treated at time t.
The assumptions of model (.) are made as follows [] .
(A) is the constant rate of recruitment into the susceptible population. β is the rate that an infectious case will successfully transmit the infection to a susceptible individual. βI(t) represents the per-capita force of infection at time t being defined as the per-susceptible risk of becoming infected with Mycobacterium tuberculosis. (A) Latently infected individuals either develop tuberculosis slowly at an average rate ν or die at a natural death rate μ before developing tuberculosis. (A) Active infectious tuberculosis die, either because of tuberculosis at average rate μ T , or because of natural death at an average rate μ. γ is the per-capita treatment rate for the infectious individuals. (A) δ is the rate coefficient at which a treated individual leaves treated compartment.
k( ≤ k ≤ ) is the fraction of the drug-resistant individuals in the treated compartment. Here, k reflects the failure of treatment, k =  means that all the treated individuals will become latent, and k =  means that the treatment fails and all the treated individuals will still be infectious. We note that system (.) is formulated as ordinary differential equations with distinct variables to describe the population size of compartments such as susceptible, exposed, infectious and treated. It is assumed that all individuals within a compartment behave identically, regardless of how much time they have spent in the compartment. For instance, infectious individuals are assumed to be equally infectious during their periodic infectivity and the waiting times in each compartment are assumed to be exponentially distributed [] . However, laboratory studies suggest that the infectivity of infectious individuals be different at the differential age of infection [] . For TB infection, the TB bacteria need to develop in the lung to be transmissible through coughing, and their transmissibility depends on their progression in the lung as well as the strength of a host's immune system. Active TB has the highest possibility of developing within the first - years of infection, while most TB infections remain latent for a long period of time until immune compromise occurs due to aging or co-infection with other illnesses such as HIV (see, for example, [-] ).
In [] , by including the duration that an individual has spent in the exposed and infectious compartments as variables, McCluskey considered the following epidemiological model with continuous age structure for both the exposed and the infectious classes:
with boundary conditions
In (.), e(a, t) and i(a, t) represent the numbers of the exposed and infectious populations at time t, respectively, where a is the duration for which individuals have been in the exposed and infectious compartments, respectively. Individuals who have been in the exposed compartment for duration a, progress to the infectious compartment at rate γ (a) and are removed from the infectious compartment at rate μ(a , in the present paper, we are concerned with the effects of incomplete treatment and age structure for latently infected and infectious individuals on the transmission dynamics of tuberculosis. To this end, we consider the following differential equation system:
and initial condition 
The rate at which individuals are removed from the infectious compartment
β(a)
The transmission rate of the infectious individuals at age of infection a γ (a)
The rate that an infectious individual with age of infection a recovers from the disease
ν(θ)
The rate at which individuals who have been in the exposed compartment for duration θ, progress to the infectious compartment δ
The rate at which a treated individual leaves the treated compartment p
The proportion of the newly infected to develop tuberculosis directly 1 -p
The proportion of the newly infected to enter the latent class
The death rate of the treated individuals Table  .
In the sequel, we further make the following assumptions. 
Using the theory of age-structured dynamical systems introduced in [, ], one can show that system (.) has a unique solution (S(t), e(·, t), i(·, t), T(t)) satisfying the boundary conditions (.) and the initial condition (.). Moreover, it is easy to show that all solutions of system (.) with the boundary conditions (.) and the initial condition (.) are defined on [, +∞) and remain positive for all t ≥ . Furthermore, X is positively invariant and system (.) exhibits a continuous semi-flow :
The primary goal of this work is to carry out a complete mathematical analysis of system (.) with the boundary conditions (.) and the initial condition (.), and establish its global dynamics. The organization of this paper is as follows. In the next section, we establish the asymptotic smoothness of the semi-flow generated by system (.). In Section , we calculate the basic reproduction number and discuss the existence of feasible steady states of system (.) with the boundary conditions (.). In Section , by analyzing the corresponding characteristic equations, we study the local asymptotic stability of a disease-free steady state and an endemic steady state of system (.). In Section , we show that if the basic reproduction number is greater than unity, system (.) is uniformly persistent. In Section , we are concerned with the global stability of each of feasible steady states of system (.) by means of Lyapunov functionals and LaSalle's invariance principle. A brief discussion is given in Section  to conclude this work.
Boundedness and asymptotic smoothness
In order to address the global dynamics of system (.) with the boundary conditions (.), in this section, we are concerned with the asymptotic smoothness of the semi-flow { (t)} t≥ generated by system (.).
Boundedness of solutions
In this subsection, we verify the boundedness of semi-flow { (t)} t≥ .
Proposition . Let t be defined as in (.). Then the following statements hold.
there is a bounded set that attracts all points in X .
Proof Let t (X  ) = (t, X  ) := (S(t), e(·, t), i(·, t), T(t))
be any nonnegative solution of system (.) with the boundary conditions (.) and the initial condition (.). Denote
We derive from system (.) that
On substituting
We have from (.) and (.)
The variation of constants formula implies
for all t ≥ . This completes the proof.
The following results are direct consequences of Proposition ..
Asymptotic smoothness
In this subsection, we show the asymptotic smoothness of the semi-flow { (t)} t≥ . Let (S(t), e(·, t), i(·, t), T(t)) be a solution of system (.) with the boundary conditions (.) and the initial condition (.). Integrating the second and the third equations of system (.) along the characteristic line t -a = const., respectively, we have
and
(.)
Proposition . The functions A  (t) and A  (t) are Lipschitz continuous on
On substituting (.) into (.), it follows that
We have from (.)
for all a ≥ , t ≥ , h ≥ . Hence, (.) can be rewritten as
Noting that  -e -x ≤ x for x ≥ , it follows from (.) that
here the fact that β(a) is Lipschitz continuous on R + was used.
In a similar way, we have
This completes the proof.
Proposition . The functions L  (t) and L  (t) are Lipschitz continuous on
Similarly, one has
This completes the proof. 
, X) and the following hold
for any bounded closed set C ⊂ X + that is forward invariant under :
. Then C has compact closure if and only if the following assumptions hold:
We are now ready to state and prove a result on the asymptotic smoothness of the semiflow generated by system (.).
Theorem . The semi-flow generated by system (.) is asymptotically smooth.
Proof To verify the conditions () and () in Theorem ., we first decompose the semi-flow into two parts:
Clearly, we have = + for t ≥ . Let C be a bounded subset of X and K > A/μ  the bound for C.
Let (t, X  ) = (S(t), e(·, t), i(·, t), T(t)), where X
In a similar way, one can prove that
Accordingly, (t, X  ) approaches  ∈ X with exponential decay and hence, lim t→+∞ diam (t, C) =  and the assumption () in Theorem . holds.
In the following we show that (t, C) has compact closure for each t ≥ t C by verifying the assumptions (i)-(iv) of Theorem ..
From Proposition . we see that S(t) and T(t) remain in the compact
It is easy to show that
Therefore, the assumptions (i), (ii) and (iv) of Theorem . follow directly. We need only to verify that (iii) of Theorem . holds. Since we are concerned with the limit as h → , we assume that h ∈ (, t). In this case, we have
It follows from (.) and (.) that
Hence, the condition (iii) of Theorem . holds. By Theorem ., the asymptotic smoothness of the semi-flow generated by system (.) follows. This completes the proof.
The following result is immediate from Theorem . in [] and Theorem ..
Theorem . There exists a global attractor A of bounded sets in X .
Steady states and basic reproduction number
In this section, we establish the existence of feasible steady states of system (.) with the boundary conditions (.). Clearly, system (.) always has a disease-free steady state E  (A/μ, , , ). If system (.) admits an endemic steady state (S * , e * (θ ), i * (a), T * ), then it must satisfy the following equations:
It follows from the second and the third equations of (.) that
We derive from the fourth equation of (.) that
It follows from the fifth equation of (.) and (.) that
We obtain from the sixth equation of (.) and (.) that
we have S * > .
On substituting (.) into the first equation of (.), it follows that
where
R  is called the basic reproduction number representing the average number of new infections generated by a single newly infectious individual during the full infectious period [].
In conclusion, if R  > , in addition to the disease-free steady state E  , system (.) has a unique endemic steady state E * (S * , e * (θ ), i * (a), T * ), where
(.)
Local stability
In this section, we study the local stability of each of feasible steady states of system (.) with the boundary conditions (.).
We first consider the local stability of the disease-free steady state E  (A/μ, , , ).
Linearizing system (.) at the steady state E  , it follows from (.) and (.) thaṫ
(.)
Looking for solutions of system (.) of the form
, where x  , y  (θ ), z  (a) and w  will be determined later, we obtain the following linear eigenvalue problem:
It follows from the second and the third equations of system (.) that
We obtain from the fourth equation of system (.) that
On substituting (.) into the fifth and the sixth equations of system (.), one obtains
We derive from (.) and (.) that
On substituting (.) into (.), we obtain the characteristic equation of system (.) at the disease-free steady state E  of the form
Clearly, we have f () = R  . It is easy to show that f (λ) <  and lim λ→+∞ f (λ) = . Hence, f (λ) is a decreasing function. Clearly, if R  > , then f (λ) =  has a unique positive root. Hence, if R  > , the steady state E  is unstable.
We now claim that if R  < , the steady state E  is locally asymptotically stable. Otherwise, equation (.) has at least one root λ  = a  + ib  satisfying a  ≥ . It follows that
a contradiction. Hence, if R  < , all roots of equation (.) have negative real parts. Accordingly, the steady state E  is locally asymptotically stable if R  < .
We now study the local stability of the endemic steady state E * (S * , e * (θ ), i * (a), T * ) of system (.).
Letting
linearizing system (.) at the steady state E * , it follows thaṫ
(.)
Looking for solutions of system (.) of the form
, where x  , y  (θ ), z  (a) and w  will be determined later, we obtain the following linear eigenvalue problem:
It follows from the second and the third equations of system (.) that
We derive from the first equation of system (.) that
It follows from the fourth equation of system (.) that
We have from the fifth equation of system (.), (.) and (.)
On substituting (.) into the sixth equation of system (.), one has
It follows from (.) and (.) that
On substituting (.) into (.), we obtain the characteristic equation of system (.) at the steady state E * of the form
We now claim that if R  > , all roots of equation (.) have negative real parts. Otherwise, equation (.) has at least one root λ  = a  + b  i satisfying a  ≥ . In this case, we have 
Uniform persistence
In this section, we establish the uniform persistence of the semi-flow { (t)} t≥ generated by system (.) when the basic reproduction number is greater than unity. Definē
t), i(·, t), T(t) ∈
and 
(a, t) da + T(t).
It follows from (.), (.), (.) and (.) that
where μ  max = ess sup a∈ [,∞) . This yields
Hence, we have (t, Y) ⊂ Y.
Using a similar argument as in the proof of Lemma . in [] , one can show that ∂Y is positively invariant under the semi-flow { (t)}.
We consider the following system:
Since lim sup t→+∞ S(t) ≤ A/μ, by the comparison principle, we have
e(a, t) ≤ê(a, t), i(a, t) ≤î(a, t), T(t) ≤T(t), (.) whereê(a, t),î(a, t) andT(t) satisfy
Solving the first and the second equations of system (.), we havê
On substituting (.) and (.) into the third, the fourth and the fifth equations of (.), it follows that
It is easy to show that system (.) has a unique solutionL  (t) = ,L  (t) = ,T(t) = .
We obtain from (.)ê(θ , t) =  for  ≤ θ < t. For θ ≥ t, we have Proof Since the disease-free steady state E  (A/μ, , , ) is globally asymptotically stable in ∂Y, applying Theorem . in [], we need only to show that
Otherwise, there exists a solution y ∈ Y such that (t, y) → E  as t → ∞. In this case, one can find a sequence {y n } ⊂ Y such that
Denote (t, y n ) = (S n (t), e n (·, t), i n (·, t), T n (t)) and y n = (S n (), e n (·, ), i n (·, ), T n ()). Since R  > , one can choose n sufficiently large satisfying S  - n >  and
where S  = A/μ. For such an n > , there exists a T  >  such that, for t > T  ,
Consider the following auxiliary system:
It is easy to show that if R  > , system (.) has a unique steady state E  (, , ). Looking for solutions of system (.) of the form
where the functionsẽ  (θ ),ĩ  (a) and the constantT  will be determined later, we obtain the following linear eigenvalue problem:
(.)
It follows from the first, the second and the third equations of system (.) that
On substituting (.)-(.) into the fourth and the fifth equations of (.), we obtain the characteristic equation of system (.) at the steady state E  of the form
Clearly, we have
Hence, if R  > , then equation (.) has at least one positive root λ  . This implies that the solution (ẽ(·, t),ĩ(·, t),T(t)) of system (.) is unbounded. By comparison principle, the solution (t, y n ) of system (.) is unbounded, which contradicts Proposition .. Therefore, the semi-flow { (t)} t≥ generated by system (.) is uniformly persistent. Furthermore, there is a compact subset A  ⊂ Y which is a global attractor for { (t)} t≥ in Y. This completes the proof.
Global stability
In this section, we are concerned with the global asymptotic stability of each of feasible steady states of system (.) with the boundary conditions (.) and the initial condition (.). The strategy of proofs is to use suitable Lyapunov functionals and LaSalle's invariance principle.
We first state and prove a result on the global asymptotic stability of the disease-free steady state E  (A/μ, , , ) of system (.). Define
where the positive constant k and the nonnegative kernel functions F  (θ ) and F  (a) will be determined later.
Calculating the derivative of V  (t) along positive solutions of system (.), it follows that
Using integration by parts, we derive from (.) that
Direct calculations show that
We therefore obtain from (.)-(.)
Hence, the largest invariant subset of {V  (t) = } is the singleton E  (S  , , , ). By Theorem ., we see that if R  < , the steady state E  is locally asymptotically stable. Therefore, the global asymptotic stability of E  follows from LaSalle's invariance principle. This completes the proof.
We are now in a position to state and prove a result on the global asymptotic stability of the endemic steady state E * (S * , e * (θ ), i * (a), T * ) of system (.) with the boundary condi-
with the boundary conditions (.) is globally asymptotically stable.
Proof Let (S(t), e(a, t), i(a, t), T(t))
be any positive solution of system (.) with the boundary conditions (.). Define
where the function G(x) = x - -ln x for x > , the constant k  >  and the nonnegative kernel functions f  (θ ) and f  (a) will be determined later. Calculating the derivative of V  (t) along positive solutions of system (.) with the boundary conditions (.), it follows that
We obtain from (.), (.) and (.) that
Using integration by parts, we have from (.)
On substituting (.) and (.) into (.), it follows that
where A  is determined in (.). Direct calculations show that
On substituting (.) and (.) into (.), we have for all θ ≥ , a ≥ . It is easy to verify that the largest invariant subset of {V  (t) = } is the singleton E * . By Theorem ., we see that if R  > , E * is locally asymptotically stable.
S(t) -S(t)
Therefore, using LaSalle's invariance principle, we see that if R  > , the global asymptotic stability of E * follows. This completes the proof.
Discussion
In this work, a tuberculosis infection model with incomplete treatment and age structure for latently infected and infectious individuals has been investigated. By calculations, the basic reproduction number has been established. A complete mathematical analysis has been performed to show that the global dynamics of system (.) with boundary conditions (.) is completely determined by the basic reproduction number. By constructing suitable Lyapunov functionals and using LaSalle's invariance principle, it has been shown that if the basic reproduction number is less than unity, the disease-free steady state is globally asymptotically stable and the disease dies out; if the basic reproduction number is greater than unity, the endemic steady state is globally asymptotically stable and the disease persists. The global stability of the endemic steady state rules out any possibility for the existence of Hopf bifurcations and sustained oscillations in system (.). From the expression of R  , we see that the recruitment rate A, the per-capita natural death rate μ, the rate δ at which a treated individual leaves the treated compartment, the death rate μ  of the treated individuals, the transmission rate β(a) of the infectious individuals, the proportion p of the newly infected to develop tuberculosis directly, the proportion  -p of the newly infected to enter the latent class, the rate ν(θ ) at which individuals who have been in the exposed compartment for duration θ , progress to the infectious compartment, the remove rate μ  (a) of infectious compartment and the recovery rate γ (a) do affect the value of the basic reproduction number. To control the disease, a strategy should reduce the basic reproduction number to below unity. From the expression of the basic reproduction number, deceasing the recruitment rate, the transmission rate of the infectious individuals and the rate of a treated individual leaving the treated compartment and increasing the per-capita natural death rate and the death rate of the treated individuals are helpful in controlling measles by decreasing the basic reproduction number.
